Abstract. Splitting a variable in a Boolean formula means to replace an arbitrary set of its occurrences by a new variable. In the minimum splitting SAT problem, we ask for a minimum-size set of variables to be split in order to make the formula satisfiable. This problem is known to be APX-hard, even for 2-CNF formulas. We consider the case of 2-CNF Horn formulas, i. e., 2-CNF formulas without positive 2-clauses, and prove that this problem is APX-hard as well. We also analyze subcases of 2-CNF Horn formulas, where additional clause types are forbidden. While excluding negative 2-clauses admits a polynomial-time algorithm based on network flows, the splitting problem stays APX-hard for formulas consisting of positive 1-clauses and negative 2-clauses only.
Introduction
Many problems arising from practical applications can be formulated using Boolean formulas in conjunctive normal form (CNF). Usually, the variables of the formula model some parameters of the problem, and the constraints of the problem are modeled by the clauses of the formula. The goal is to find out a valid parameter setting by computing a satisfiable assignment for the corresponding formula. But often the modeling of the practical situation is very complex, leading to some contradictory constraints in the model, and the corresponding formula turns out to be unsatisfiable. In this case, one often tries to find a maximum set of constraints that can be simultaneously satisfied. This leads to the well-known Max-SAT problem (see, e. g., [1] for an overview of the known results for Max-SAT). Another source of mistakes that might arise when modeling a real-world problem as a Boolean formula is a too coarse-grained choice of parameters, i. e., variables. If two different parameters are erroneously modeled On the Approximability of Splitting-SAT in 2-CNF Horn Formulas by the same variable, this might also lead to an unsatisfiable formula. In other words, an unsatisfiable variable might contain one or more variables that should be split into two variables in order to make the formula satisfiable. The minimum splitting SAT problem formalizes this approach, the input is an (unsatisfiable) CNF formula and the goal is to find a minimum number of variables that have to be split into two to make the resulting formula satisfiable.
The splitting operation has not only been considered on formulas. For example, it arises in the context of vertex splitting in phylogenetic tree construction [9] . Splitting vertices in a graph was also considered for making a graph Hamiltonian [11] . To the best of our knowledge, splitting variables in a Boolean formula was introduced by Steinová [11] , who showed that the minimum splitting SAT problem is APX-hard even for formulas in 2-CNF, i. e., when restricted to formulas in which each clause contains at most two literals.
In a 2-CNF formula, we can have the following five types of clauses:
P1: Positive 1-clauses (x) consisting of one positive literal, N1: negative 1-clauses (x) consisting of one negative literal, M2: mixed 2-clauses (x ∨ y) consisting of one positive and one negative literal, N2: negative 2-clauses (x ∨ y) consisting of two negative literals, and P2: positive 2-clauses (x ∨ y) consisting of two positive literals.
A 2-CNF formula without positive 2-clauses is called a 2-CNF Horn formula. We will restrict our attention to 2-CNF Horn formulas in the first part of the paper. We analyze which combinations of clause types make the minimum splitting SAT problem hard to approximate. An overview of the results is given in Figure 1 . Observe that lower bounds carry over upwards and upper bounds downwards in the lattice of subsets. In particular, we show that the minimum splitting SAT problem remains exactly as hard to approximate as the vertex cover problem, when restricted to the special case of Horn formulas consisting of clauses of type P1 and N2 only. On the other hand, even when allowing additional clauses of type N1, the problem can be approximated exactly as good as the vertex cover problem, it becomes polynomially solvable when restricted to Horn formulas consisting of clauses of type P1, N1, and M2. Another way to look at the splitting SAT problem is to ask for the maximum number of variables that can be assigned a truth value without evaluating any clause to 0, i. e., for the maximum number of variables that can be left unsplit. This is called the maximum assignment SAT problem. Obviously, the optimal solutions for minimum splitting SAT and maximum assignment SAT coincide, but we show that the approximability of the two problems essentially differs. The maximum assignment SAT problem on 2-CNF Horn formulas with clauses of type P1 and N2 turns out to be as hard to approximate as the maximum independent set problem, and, on arbitrary 2-CNF Horn formulas, it can be approximated as good as the maximum independent set problem. An overview of the results on the maximum assignment SAT problem is shown in Figure 2 .
We complement our results with an approximation algorithm for the maximum assignment SAT problem on E2-CNF formulas, i. e., formulas containing
